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LE'ITER TO THE EDITOR 

A remark on the classical realization of the double quantum 
group SU,(rl, J )  

Zai-Zhe Zhong 
Department of Physics, Liaoning Normal University, Dalian 116022, People's Republic of 
China 

Received 26 November 1991 

Abslnd.  By extending the method of Zhe Chang e! a1 to a double complex form, the 
double quantum group SUJr), 3)  is realized in the sense of a Poisson bracket, and the 
meaning is discussed. 

We have studied the hyperbolic complex linear symmetry groups in [ 11. The ordinary 
complex linear Lie groups and the hyperbolic complex linear Lie groups are combined 
into the double complex linear Lie groups, and they are used in the double complex 
method [2]. Therefore, a problem is raised: how are the double quantum groups 
corresponding to the double complex linear Lie groups realized? 

Recently, in [3] it was pointed out that the usual quantum groups can be realized 
at the classical level in the sense of a Poisson bracket; however the results only relate 
to the algebras conceming the ordinary Lie groups. We find that the method, in fact, 
can be doubled, i.e. by the double complex function method [Z] the usual double 
quantum groups corresponding to the double complex Lie groups can be realized. In 
the following we concretely discuss the problem of how to realize the double quantum 
group SU,(v, I) and discuss the meaning, where the signature is equal to diag(1, *l).  

Regarding the general discussion of the hyperbolic complex numbers, see [4]. Here 
we write the hyperbolic pure imaginary unit as E, E' = +1 and E # f l .  Let J denote 
thedoublepureimaginaryunit,i.e.J=i(i2= - l ) , o r J = & . l f { a " } = { a ~ , a , , .  .. ,a4, .. . }  
is a sequence of real numbers obeying X?=o +a, then we use a ( J )  to correspond 
to the real number pair (ac, a"), where ac=X~=o(- l )"a. ,  a,=Z?~,,(+l)"a. = 
Xr=p=, a.. Therefore we can directly write a ( J )  = a. J2", a, = a ( J  = i), aH = a ( J  = E ) ,  

and we call a ( J )  a double real number generated by the sequence {a.}. If a ( J )  and 
b ( J )  are double real numbers, then Z ( J )  = a ( J ) + J .  b (J )  is called a double complex 
numberwhichcorrespondstothecomplexnumberpair(Z,,Z,)=(a,+ib,, aH+EbH) .  
Let C(A; J )  and S(A; J) be the double real numbers generated by the sequences 
{ a . ( A ) } = { A ' " / ( Z n ) ! )  and (b.(A)}={A2"+'/(2n+1)!) respectively, and write 
exp(A; J) = C(A; J ) + J .  S(A; J), where A is a real variable. S(A; J), C(A; J )  and 
exp(A; J) may be, respectively, called the double sine, the double cosine and the double 
complex exponential functions of A. This is suitable because we have 

C2- J 2 S 2 =  1 (1) 
- 1  
"=On! 

exp(A;J)= 2 -(,U)" 

and the function pairs 
[Cc(h), C,(A)] = (cos A,  cosh A )  

[ & ( A ) ,  &(A)] = (sin A, sinh A ) .  (2) 
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Therefore, in the following we write simply C(A; J )  = C [ A J ] ,  S(A; J )  = S [ A J ]  and 
exp(h; J )  =exp[hJ] or e*'. 

For the case of 7 = diag(1, l),  the elements ofthe double group SU(q, J )  = SU(2, J )  
are all 2 x 2 double complex matrices M obeying 

M M + = I  det( M) = 1 (3) 

where I is the unit matrix, and the dagger denotes the double complex Hermitian 
conjugation. From J = i and J = E, SU(2, J )  denotes SU(2, C) = SU(2) and SU(2, H )  
respectively, where C means ordinary complex, and H means hyperbolic complex. 
The bases of the Lie algebra of SU(2, J )  can be taken as 

Let operators 2* = *J,2-,L and Lf3 = JZ,, then we have 

[&, 2*] = J 3 ( * 2 * ) ,  [2+, 2-1 = Z J 3 z 3 .  

We consider formally a double real Hamiltonian 

H (  J )  = f ( p : - J 2 q : ) + $ ( p : -  

and the symplectic form 

R(J)=dqiAdP,+dqzndPz 

on the phase space. Let 

then 

(9) 
1 

R ( J ) = - ( d z , n d ~ , + d z z n d i z )  
H ( J ) =  IIziIIZ+ IIzzI12 J 

where the modulus is Ila+J.  bll'=a'-J'b'. Let 

4 ( J )  = zlT2 K ( J ) = T l z z  %(J)=f(llzil12- l l z~ l l z )  (10) 

then the SU(2, J )  algebra is realized in the sense of a Poisson bracket by 9) and I, 
i.e. 

I @  , - 3 , " * , - ' \ - " * , , , " + , - - .  @ I =  I ) ( + @  1 I @  @ 1 = 2 . r 3 q .  (I!)  

Now, the results in [3] can be directly extended to a double complex form as follows. 
Let 

(12) 

where the parameter q must be taken as real and y =In q. Next, let 

?3:(J) = W, wz %L(J) = W, Wz ?3;(J)=S3. (13) 
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By a direct calculation it can be verified that the double quantum group SU,(2, J )  is 
realized in the sense of a Poisson bracket by 9; and 9:, i.e. 

(9;9>} = J3(* 9:) 

When J = i, equation (14) changes into the result of [3]. 
As for the dynamics explanation, we consider the double real Hamiltonian 

H ' ( J )  = II WIllZ+ I/ WzI12 (15) 
the double canonical equations of motion are 

The exaCt solutions are 

p . ( J ) =  A,C[Jw,tl qa(J )  = AAJw,tI (17) 
where the double real functions C[JJ and S[JJ are defined by (l), A, is the integral 
constant, and 

2 yA: sinh(yAi)-2 sinh'(tyA2) 
0, =- 

y sinh y A: 
The solutions in (17) may yet be written as 

z,,(J) = A, exp(J0,t). (19) 
When J = i ,  equation (17) returns to the case in [31, i.e. it is a system of classical 
q-deformed harmonic oscillators 

(20 )  

(21) 
which is not a real system of oscillators. However, if the transformation ( p * ,  qm, I ) +  
(pb, qb, 1 ' )  = (p,,, iq-, it) is allowed, then we obtain again the system (20). 

pmc = A, cos w,t 

poH = A. cosh o,t 

qmc = A. sin wet. 

When J = E, 

qaH = A, sinh 0,t  

As for SU,(l, I,J),  the case is similar, i.e. 

$ =diag(l, -1) 

... 
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and the double q-deformed oscillator solution is 

z . ( I ) = A .  exp[(-l)"Io,f]. 

By a similar method we can discuss the corresponding double Hopf algebra and 
the Yang-Baxter equation, etc. 

The general meaning of the method in this letter is as follows. By the double 
complex method, it is possible that some solutions of quantum group problems by 
using the ordinary complex functions are doubled, then we can obtain the double 
solutions of the corresponding double quantum group problems. However we have 
proved [l] that a hyperbolic linear Lie group, generally, is locally isomorphic to a real 
linear Lie group or a direct product of two real linear Lie groups. In this case a problem 
about some kinds of quantum groups corresponding to real Lie groups may be changed 
into the corresponding problem concerning hyperbolic complex Lie groups; however 
this is just a half of the above double solution problem. For example, according to 
[l], SU(2, H )  and SU(1, 1 ,  H )  are locally isomorphic to SL(2, R);  therefore we have 
obtained a classical realization of SL,(2, R )  from the preceding results. In fact, if we 
force I = 1 for all J's in (10)-(14), then we obtain just the realization. In addition, the 
above discussion also means that there is, in fact, some symmetry relation between 
the set of quantum groups corresponding to ordinary complex Lie groups and the set 
-e-...-- ---L:--.:-- -'- ---------A: --.- __^I r : -  
U1 >u11,0 LUIIIUIII*,LUII U, qua.r,,unr gruupa L.",rcbpurl"rrrg ,U LCdl LIC: pluUpb. 
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